International Journal of Applied Mathematics
& Statistical Sciences (IJAMSS) A International Academy of Science,

ISSN(P): 2319-3972; ISSN(E): 2319-3980 ‘ 4 ) Engineering and Technﬂlogy
Vol. 6, Issue 2, Feb — Mar 2017; 11-18 g . . .
© IASET IASET Connecting Rescarchers; Nurturing Innovations

(r*g*)* T o, T1 AND T, AXIOMS IN TOPOLOGICAL SPACES

N. MEENAKUMARI & T. INDIRA
PG and Research Department of Mathematics, Sekshak Ramaswam College (Autonomous),

Trichirapalli, Tamil Nadu india

ABSTRACT

The aim of thispaper is to introduce the concept of (r*g*)% TT; and T axioms and study some of their

properties

KEYWORDS: (r*g*)* Closed Sets, (r*g*)* Closure, (r*g*)*Continous Maps, (r*g*)* Irresolute Map$r g*)* Open
Sets

Mathematics Subject Classification: 54a05
1. INTRODUCTION

N Levin [6] introduced the concept of generalizéosed set in topological spaces. Since then mampolbgist
started defining different types of closed sets atiltzed these concepts to the various notionutisets and axioms. The
Authors [11] have already introduced (r*g*)* closedtand investigated some of tipeoperties. In this paper, using the
concept of (r*g*)* closed sawe introduce separation axioms like (r*g*)%,lr*g*)* T ; and (r*g*)* T, axioms and some

of their properties are investigated.

2. PRELIMINARIES

Definition 2.1: A subset A of a space X is called(r*g*)*closed set [11] if cI(A)= U whenever A= U and U is
r*g*- open. The complement of (r*g*)*closed set(i¥g*)*open.
Definition 2.2: Amap f: (X,T) —* (Y, @) is called (r*g*)*-continuous [12] if the inverdenage of every closed

setin (Y, ) is (r*g*)*-closed in (X, T).

Definition 2.3: A map f: (X, T) = (Y, ) is said to be a (r*g*)*-irresolute map [12]ﬁ_1[V] is a (rxg*)*-

closed set in (XF) for every (r*g*)*-closed set V of (Y¢).

Definition 2.4: Let X be Topological space. Let A be a subset ofrXg*)*closure[13] of A is defined as the

intersection of all (r*g*)* closed sets containifg

Definition 2.5: A property P holding good for a topological space®X and which is also holds good for every
subspace of the topological space is called Hexgdgroperty.

Definition 2.6 : Let X be a non empty set afdbe a family of subsets of X consisting of empty seand all

those nonempty subsets of X whose complimentsimite,fthen3 is a topology for X and is called co-finite topgjoor

www.iaset.us edit@iaset.us



12 N. Meenakumari & T. Indira

finite compliment topology.
3.(r*g* )*T o SPACE

Definition 3.1: A Topological space (X3) is said to be (r*g*)*T space if and only if for every distinct points X,
y in X there exists a (r*g*)*open set G such thal®, y¢ G or y[I G but x¢ G, or for distinct points x and y of X there

exists a (r*g*)*open set G containing one of thénp®but not the other. This property is knownr&g*)*T , axiom.
Example 3.2:Discrete space is a (r*g*)*Bpace.

Since There exists a (r*g*)* open set {x} Contaigir but not containing y which is distinct fromaqd hence it

is a (rg*)*T, space.

Example 3.3:Consider the indiscrete Topological space. The*jrtgpen sets arep, X. The (r*g*)*open set X
contains x and also y. Thus there is no (r*g*)*ope@t which contain x but not containing y. Hencis ihot a (r*g*)*T,

space.

Theorem 3.4 A Topological space (X3J) is a (r*g*)*T, space iff the (r*g*)*closures of distinct pointsea

distinct.
Let (X, 3I) be (r*g*)* T, and let x, yL1 X with x Z y.
TPT (r*g*)*cl {x} # (r*g*)*cl {y}

Since (X,3) is (r*g*)*T , there exists (r*g*)*open set G such that XG y ¢ G. Since G is (r*g*)*open, X -G is
(r*g*)*closed. Also x¢ X-G and y[1 X -G

Now (r*g*)*cl{y} [13] is the intersection of all (fg*)*closed sets containing y. Hence
yU(rg9) el {y} butx & (r'g")* {y}. - (F"g*)*cl{x} # (rg")*cl {y}.

Conversely Let X y and (r*g*)*cl{x} # (r*g*)*cl {y}

TPT (X,3) is a (r*g*)* T, space. Since (r*g*)* {x} # (r=g*)* {y} there exists at least one point
z [0 Xsuchthat 27 (r*g*)*cl { x} but z ¢ (r*g*)*cl{y}

Claim x &(r*g*)*cl {y}

If x U (r*g*)*cl {y} then {x} c(r*g*)*cl {y}

= (rg")*cl{x} < (rg")rcl (rg*)*cy}

= (rg*)*cl{x} <(r'g*)*cly}

Therefore = (r*g*)*cl {x} = z € (r*g*)*cl {y} Which is a contradiction= x & (r*g*)*cl {y}

Now x &(r*g*)*cl{y} = x €{(r*g*)*cl {y}} °© which is (r*g*)*open, Since (r*g*)*cl{y} is (r*g*)*closed. Thus
{(r*g®)*cl {y}} Cis (r*g*)*open set containing x but not y. Henc¢g @) is a (r*g*)*T, space.

Theorem 3.5:(Heriditary property) Every subspace of a (r*g*)}*3pace is a (rg*)*7.
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Proof: Let (X, 3) be a (r*g*)*T, space and (Y3*) be a subspace of (X§) whereJ* is relative topology and
I*={Y NG:GEJ}

Let y4, y» be two distinct points of Y. since & X, yi, ¥» € X. Since X is (r*g*)*T, there exists a (r*g*)*open set
G such that ye G and y ¢ G By definition of subspace, G Y is a3* open set which containg put does not containy

Hence (Y ,3*) is also a (r*g*)*T, space.
4. (r<g*)*T ; SPACES

Definition 4.1: A Topological space (X3) is said to be (r*g*)* T space iff for any given pair of distinct points x
and y there exists two (r*g*)* open sets G and Idhsthat G contains x but not y and H contains yrmittx. The above

property is known as (r*g*)*T axiom.
Remark 4.2: Every (r*g*)* T, space is a (r*g*)*] space

Proof: From the definition of (r*g*)* T, space it follows that it is (r*g*)*{, since there exists a (r*g*)*open set
G such that& G but y¢ G

The Converse is not true.
Result 4.3 Every (r*g*)*T, space is not a (r*g*)* Ispace.
The following example Supports this.

Example 4.4:Consider the set N of all Natural numbers. Bidbe the collection consisting @f N and all those

subsets of N of the form {1,2, . .. . n}a@N
The space (Ng) is a (r*g*)*T, space
For, consider 2 distinct points m and n such that m

G=1{1,2,. .. .m} is an open set and hence (r*gf&m set containing m but not containing n and héhtea

(r*g*)*T , space

But it is not T, because if we choose a (r*g*)*open set H = {1,2,n} then meG, n¢ G. But neH and also ne
H(m<n)

Hence (N3) is not a (r*g*)* T, space. But it is ajIspace.
Theorem 4.5:(Hereditary property) Every subspace of a (r*g*}*space is (r*g*)* T space.

Proof: Let (X, 3) be a (r*g*)*T; space and let (Y3 *) be a subspace whefe* is a relative topology ang*={
YNG:GEJ}

Let y; ¥y, be two distinct points of Y. since & X they are also points of X.

If G and H be two (r*g*)*open subsets of X then &G N Y and H* = HN Y are (r*g*)* open subsets of Y and
henceye Gy, e G*y; € G=>y; € G*

Since (X,3) is (r*g*)* T 1 space and,yy, are distinct points of X and Y we have
y1i€EGbuty & G..y;, € G*buty ¢ G*.
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Yo EHbuty & H. .y, € H* but y; ¢ H*

Hence (Y3 *) is also a (r*g*)*T, space.

Theorem 4.6: A Topological space (XJ) is a (r*g*)*T, space iff every singleton subset {x} of X is a

(r*g*)*closed set.
Proof: Let Every singleton set {x} of X be (r*g*)*closed
TPT (X,3) is a (r*g*)*T, space
Since {x} is (r*g*)*closed, {x}®is (r*g*)*open

Let x,y be two distinct points of X so that {x} adg} are (r*g*)* closed and {x}°and {y}°are (r*g*)* open. Now
y € {X} ® but x& {x} ©. Now x€ {y} “but y¢& {y}°

Hence (X,3) is a (r*g*)* T, space.
Conversely Let (X3J) be a (r*g*)* T, space. Let x be any arbitrary point of X.
TST {x} is (r*g*)*closed or {x}° is (r*g*)*open

Let y € {x} “ then y# x. Since the space is (r*g*)*;Tand y# X, there must exist a (r*g*)*open set, 6uch that y
€ G, but x¢Gy

Thus corresponding to eacteyx} © there exists a (r*g*)*open set,Guch that

yeGc{x} L U{ylyZx}cU{Gy:y # x} c{x}°

Thatis{x}c U{Gy:y # x} c{x} ¢

=>{}°=U{Gy:y # x}

Since Gis (r*g*)*open U {G, : x # y} is (r*g*)* open. .. {x} “is (r*g*)*open and hence {x} is (r*g*)*closed
Since X is arbitrary it follows that every singletsubset {x} of X is (r*g*)*closed.

Cor 4.7: A Topological space (X3) is (r*g*)* T . iff every finite subset of X is (r*g*)*closed.

Proof 4.8: Since a finite subset of X is the Union of finitember of singleton sets, is closed and hence

(r*g*)*closed. Hence if (X,3) is (r*g*)* T 1 then every finite subset of X is (r*g*)*closed.

Conversely if every finite subset is (r*g*)*clos#éten as a particular case every singleton subgdidg finite

is also (r*g*)*closed.
Hence the space (X5) is a (r*g*)* T, space.
Hence we can summarize the above results as follows
Theorem 4.9:Let (X, J) be a Topological space, then the following statets are equivalent.

(@) (X,3) is a (r*g*)* T, space
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(b)Every singleton subset of X is (r*g*)*closed.
(c)Every finite subset of X is (r*g*)*closed.
5.(r*g*)* T ,SPACEOR (r*g*)* HAUSDORFF SPACE.

A Topological space (X3) is said to be a (r*g*)*¥ space or (r*g*)* Hausdorff space if for every pairdistinct

points x,x, of X there exist disjoint (r*g*)* open sets U akdof x; and % respectively and such thatfUV = ¢
Example 5.1 Discrete topological space. Let x and y be twaiidct points so that
{ x} and {y} are open sets and hence (r*g*)*opertsef x and y such that
{x} N{y}= ¢. Hence X is a (r*g*)*L space or (r*g*)* Hausdorff space.
Example 5.2:Indiscrete space.

Since there is only one non empty (r*g*)*open ge,two distinct points can have disjoint (r*g*)*apesets.

Therefore X is not a (r*g*)*} space or (r*g*)* Hausdorff space.
Theorem 5.3 (Hereditary property). Every subspace of (r*gT)space is a (r*g*)*} space.

Proof: Let (X, J) be a (r*g*)*T, space and (Y3*) be a subspace of (X§5) whereJ* is the relative topology and
I*={Y NG:GeJ}

Let x, ye Y be distinct. They are also distinct points ofStnce X is (r*g*)*T, there exist
disjoint (r*g*)* open sets G and H of x & y respeetly such that GY H =¢
[Nowxe G, xeY=>xeY NG

YEH, yEY=>YyeEYNH]
Now(YNG)NKYNH)=YN(GNH)=YNo=0¢

Hence YN G and YN H are (r*g*)*open sets of x and y relative to Yspectively
so that (Y, 3*) is also (r*g*)*T».

Example 5.4:X={a,b,c} 3 ={ ¢, X,{a},{ b,c}}

(r*g*)* Open sets {o, X,{b,c}.{a,c}.{a,b}.{c}{a}}

Fora, b{a}n {b,c} = o

Forb,c{a,b}nN{c}=¢

For a, c {a}N {c} = ¢. The space is (r*g*)*T and hence (r*g*)* T also.

Xis a (r}g*)* T, T1 Tobut (X, J) is not T, T1, and T, but if the space is,J Ty, and T, then it is (r*g*)* T,, Ty,

and T, respectively.

Theorem 5.5:Every subset consisting of exactly one point off)*T , space (X3) is (r*g*)*closed (or) Every

singleton subset {x} of a (r*g*)*3 space is(r*g*)* closed.
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16 N. Meenakumari & T. Indira
Corollary 5.6: A finite subset of (r*g*)*T, space being the finite Union of singleton sets i¢Wwhare
(r*g*)*closed) is also (r*g*)*closed set.
Result 5.7:Every (r*g*)*T, space is (r*g*)*T , space.

Proof: Let (X, J) be a (r*g*)*T, space. Therefore there exists (r*g*)*open setsn@ B containing x and y

respectively such that G H =¢
X €G, Y€ H Also since x G, x¢ Hsince G H=¢pyeH=y¢ G
Therefore xe G, but y¢ G and ye H but x¢ H. Hence the space (X) is a (r*g*)*T, space.
But the converse is not true.That is Every (r*gT)*space is not necessarilyr*g*)* T , space.
The converse need not be true as seen from thepbxam
Example 5.8:LetJ be the co-finite topology for an infinite set Xhdn (XJ) is a (r*g*)* T, But not (r*g*)*T,

Theorem 5.9: Let (X, 3;) be Topological space and (%) be a (r*g*)*T, space and f : X> Y be a one —

one,(r*g*)* irresolute map then (5) is also a (r*g*)*T, space.

Proof 5.10:Let x; and % be two distinct points of X so that fjx= y; and f(%) =y are distinct points of Y since f
is1—1.But (Y3, is (r*g*)*T , space. Hence corresponding to distinct pointng y of Y there exists (r*g*)*open sets
G and H such that @ H =¢.

y1=f(x)) € G, p=f(x2) EH,GNH=¢
X €T (G), %€ f™(H). Alsof*(G)NTFYH) =Ff(GNH)=¢

Since fis (r*g*)*irresolute, f1(G) and f* (“H) are(r*g*)*open in (X,J1) By definition of (r*g*)*T,, (X, J,) is a

(r*g*)*T , space.

Theorem 5.11:A Topological space (X3) is a (r*g*)*T, space iff each point x is the intersection of(eig*)*

closed sets containing it.
Assume that (X3) is (r*g*)*T , There exists open sets G and H &, ye H and GN H =¢

Now GNH=¢p Gc X- H. Now x€ G c X — H so that X — H is (r*g*)* closed set contaigi x which does not

contain y as ¥ H. .. y cannot be contained in the intersection ofrafi*)* closed sets of X which contain x. Sincefyx

is arbitrary it follows that the intersection of @fg*)*closed sets containing X is {x}.

Conversely Let {x} be the intersection of all (r\g*closed subsets of X containing x where x is anlyitrary
point of X, Let y be any other point of X whichdéferent from x. Now y does not belong to the mstction. Therefore
there exist a (r*g*)* closed set N such thag \.

Now {x} is (r*g*)* closed. X-{x} is (r*g*)*open, y € X-N which (r*g*)* open
Now{x}= N N, N is a (r*g*)* closed set containing x impli& is an open set containing y.
Let y be any other point ¥ x. Now {y}= N M where M is a (r*g*)* closed set. Mis a(r*g*)* open set

containing x. That is Mand N are the two open sets containing x and y respalgtitience the theorem.
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Theorem 5.12: A Topological space (X3J) is (r*g*)*T, iff for any two distinct points x and y there is a
(r*g*)*open set N of y such that ¥ (r*g*)* cI N,

Proof 5.13:Let x and y be two distinct point of X. since X(i%g*)*T , there exists (r*g*)*open sets

G and H such thatg G, ye Hand GN H =¢. Now GN H=¢ = H c X - G where X — G (r*g*)* is a closed
set..y€ Hc X - G. Let X —(r*g*)*cl G = N, then

(r*g*)*cl Ny = (r*g*)*cl X —(r*g*)*cl(r*g*)*cl G = X— (r*g*)*cIG =Ny implies x (r*g*)*cI N ,

Conversely Let as assume that for eachex)X there exists (r*g*)*open set Nof y and x¢ (r*g*)*cl N, We
know that N c(r*g*)*cl Ny Now N, is (r*g*)*open and (r*g*)*cIN, is (r*g*)*closed. Now X- (r*g*)*cl N, is
(r*g*)*open. Also x& (r*g*)*cl Ny, = x € X -(r*g*)*cIN

Thus we have two (r*g*)*open sets X- (r*g*)* cl\Nand N such that > X - (r*g*)*cl N, y € N, and such that
(X-(r*g*)*cI N y) N Ny = ¢.

Hence (X,3) is (r*g*)*T ».
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